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An important class of model Hamiltonians for investigation of topological phases of matter consists of
mobile, interacting particles on a lattice subject to a semiclassical gauge field, as exemplified by the bosonic
Harper-Hofstadter model. A unique method for investigations of two-dimensional quantum systems are the
infinite projected-entangled pair states, as they avoid spurious finite-size effects that can alter the phase structure.
However, due to no-go theorems in related cases, this was often conjectured to be impossible in the past. In this
Letter, we show that upon variational optimization, the infinite projected-entangled pair states can be used to
this end by identifying fractional Hall states in the bosonic Harper-Hofstadter model. The obtained states are
characterized by showing exponential decay of bulk correlations, as dictated by a bulk gap, as well as chiral edge

modes via the entanglement spectrum.
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Introduction. The physics of interacting topological phases
of matter, which includes phenomenalike fractionally charged
quasiparticles, exotic exchange statistics, and long-range
(topological) entanglement has led to the formulation of many
new concepts in physics, most notably topological order
[1]. Additionally, using these phenomena offers a promising
route for robust quantum information technology [2,3]. The
paradigmatic family of quantum states for these phases of
matter are the fractional quantum Hall states [4,5] and their
lattice generalization as fractional Chern insulators [6]. Given
this, an enormous amount of theoretical effort, driven by the
fundamental interest in the fractional quantum Hall states, has
been put forward since their discovery and continues to this
day. Moreover, with recent advances, in capabilities of exper-
iments on cold atoms like the possibility to include artificial
gauge fields, have put the extremely rich physics of fractional
Hall states into the grasp of current technologies [7-11]. Re-
cently, a crucial first experimental step was made with the
realization of a Laughlin state of two atoms in such an ex-
periment [12]. A major part of the quest for the realization of
fractional quantum Hall physics in well-controlled synthetic
quantum matter experiments is the identification of spe-
cific Hamiltonians where these phases arise. As these states
generically emerge from an intricate interplay of magnetic
fields and interactions between the particles, the candidate
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Hamiltonians are challenging for state-of-the-art numerical
methods to treat. Within the class of tensor network methods
for such numerical studies, the infinite projected entangled-
pair state (iPEPS) [13] framework has unique advantages for
this task. As it operates directly in the thermodynamic limit
in two dimensions, it can eliminate finite-size effects that
can significantly bias other related methods, e.g., cylinder-
matrix-product states (MPS), leading to possibly altered phase
boundaries or even artificial phases that are nonexistent in the
two-dimensional limit. Thus, the iPEPS ansatz constitutes an
important tool for the determination of the phase structure of
many-body Hamiltonians. However, doubts have been raised
about the general applicability of the PEPS ansatz for the
numerical simulation of gapped chiral states because of a
no-go theorem for the case for free fermions [14]. In a recent
work, this issue was studied more closely from a numerical
perspective [15]. It was shown that for a truncated parent
Hamiltonian of a chiral spin liquid [16,17] the iPEPS ansatz
was indeed successful in finding and representing this ground
state numerically.

In this Letter, we take a further step in utility of the
iPEPS framework by treating mobile bosons in an external
gauge field, showing that chiral gapped topological phases
arise. We are able to treat flux values that are in the range
of today’s experimental technology. With this, we demon-
strate that this truly two-dimensional method can be applied
beyond truncated parent Hamiltonians and can, in fact, tackle
realistic models of experimental relevance. This setting ne-
cessitates the use of large unit cells in the iPEPS ansatz due
to the magnetic unit cell over which the Hamiltonian terms
vary due to the external gauge field. Crucial for this inves-
tigation is the fact that we make use of a fully variational
ground-state search, as attempts with simple imaginary time
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evolution turn out to yield inconclusive results. By scanning
through different parameter values of the Harper-Hofstadter
Hamiltonian, we are able to find incompressible plateaus at
the filling fraction expected for bosonic fractional Hall states.
We focus on the paradigmatic case of the Laughlin state in
the case of hard-core bosons, but show that also for soft-core
bosons and higher fillings we can find incompressible plateaus
corresponding to more exotic fractional Hall states. The chiral
nature of these states is verified with the use of the entangle-
ment spectrum. We thus represent bosonic fractional quantum
Hall states with PEPS.

Model and methods. We study a two-dimensional system of
bosonic particles on a square lattice, which are interacting on
site and are subject to a magnetic flux ¢ through each plaque-
tte of the lattice. This situation is described by an interacting
Harper-Hofstadter Hamiltonian
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in which the hopping amplitude ¢ is dressed by the semiclassi-
cal gauge field. The gauge field is chosen such that it produces
the desired magnetic flux per plaquette, ¢ = Y - A;;. This
Hamiltonian can be realized in cold atom experiments [8,9,11]
and was the basis for the recent preparation of a two-body
fractional quantum Hall state [12]. In the limit of large fillings,
it also describes the physics of Josephson junction arrays [18].

For low densities and small values of ¢, where the mag-
netic length ¢z = 1/4/¢ is much larger than the lattice
spacing, we approach the continuum setting, in which the
presence of bosonic fractional Hall states is well established
[19]. However, at large flux values at which current cold atom
experiments can operate and lattice effects play a central role,
the presence of truly lattice versions of the fractional quantum
Hall states in the phase diagram remains a question of ongo-
ing research. Studies based on exact diagonalization [20-28]
as well as (infinite) density matrix renormalization group
[())DMRG] [29-33] and tree-tensor networks (TTNs) [34,35]
have suggested a multitude of fractional quantum Hall states
in such systems. Even though these methods can provide
insight into the possible phases of the Hamiltonian in the two-
dimensional thermodynamic limit, it is widely acknowledged
that they suffer from strong finite-size effects. In particular,
for elongated cylinder geometries, as usually employed by the
()DMRG methods of treating two-dimensional Hamiltonians,
these strong finite-size effects lead to an overestimation of
the stability of gapped phases as well as the emergence of
charge density wave orders, breaking translation invariance, as
discussed in Refs. [31,33]. Generically, it is not clear what the
influence of finite-size effects is on all the possible low-energy
phases close to the true ground state is. Thus, if these phases
are in close competition, the phase with the energetically most
favorable finite-size effect can be accidentally identified as the
ground state. The circumstances where these considerations
can become crucial include quite important models like the
doped Hubbard model or models relevant for the search for
spin liquids in materials, just to name a few.

Here, we thus aim to provide important clarification on the
situation by showing that the iPEPS ansatz, using variational
optimization, is capable of tackling such problems directly in

the thermodynamic limit, and hence without spurious finite-
size effects. The iPEPS ansatz [13,36] for the many-body
wave function used in this investigation is parameterized by
a set of tensors (A 1, ...An,) that form a m x n unit cell
(illustrated with the grey line) which is periodically repeated
on the infinite lattice:
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The individual tensors A; ; are rank-5 tensors with four virtual
indices of bulk (bond) dimension xp as well as a physical
index whose dimension, d, is that of the local Hilbert space
of the physical system. To contract this infinite tensor net-
work for the calculation of norms and expectation values,
we make use of the corner transfer matrix renormalization
group (CTMRG) method [37-44]. The CTMRG is a power
method that generates effective environments approximating
the contraction of subsections of the infinite tensor network.
The accuracy of this approximation is controlled by the bond
dimension of the environment tensors, which we call the
environment bond dimension xg. Beyond the calculation of
expectation values, the environment tensors generated with
the CTMRG method can also be utilized in other ways, e.g.,
in the evaluation of the entanglement spectrum [45,46], cf.
Supplemental Material [47].

To allow us to treat more complicated Hamiltonians with
a semiclassical gauge field and (large) magnetic unit cell and
hosting chiral topological ground states with iPEPS, we need
to perform a variational ground-state search. Within the ansatz
class of iPEPS of a fixed unit cell size and bond dimension
X8, the variational state optimization [48,49] using automatic
differentiation [50], implemented as explained in Ref. [51], al-
lows us to find the optimal approximation of the ground state.
This variational framework for iPEPS has been advantageous
in treating e.g., frustrated spin systems, including, recently,
spin liquids [15,52-54]. For Hamiltonians, as in Eq. (1), a
treatment using the alternative methods based on imaginary-
time evolution (simple update) did not yield useful results.
This further illustrates the importance of the framework of
variational optimization of the iPEPS ansatz.

Results. We initially consider the U — oo limit of hardcore
bosons with a flux of ¢ = m /2 per plaquette. Note, that for
this choice of flux, the noninteracting Hamiltonian has re-
markably flat lowest and highest bands, making it a promising
choice for exhibiting fractional quantum Hall physics. The
flatness of a band can be quantified by the ratio of its gap
to the next band and its bandwidth [55-57]. Further, this
large choice of flux is within reach of current cold-atom
experiments [7—12,58]. To search for fractional Hall states in
this model, we first map out the average occupation per site (1)
of the ground state as a function of the chemical potential pu;
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FIG. 1. Average occupation per site (/1) as a function of w/t
for hard-core bosons with bond dimensions xz = 4 (green circles)
and xp =5 (yellow diamonds). Note that the two incompressible
plateaus are found at the filling expected for the v = 1/2 Laughlin
state and its hole analog. The regime given by the fractional Hall
plateaus makes up more than 20% of the parameter space in between
the empty and completely filled state.

see Fig. 1. The calculations were performed with bulk bond
dimensions ygp =4 and xg = 5 and values of environment
bond dimension up to xg = 120, which showed converged
behavior for the observables, as shown in Fig. 1. We used the
Landau gauge for the vector potential in Eq. (1) and multiples
of the 4 x 1 magnetic unit cell for the unit cell of the iPEPS
ansatz, cf. Supplemental Material [47] for more details on
gauge choices and unit cells used in this Letter [47]. We find
two incompressible plateaus in the occupation, one at low and
one at high filling. The states on these plateaus show a homo-
geneous density. The average occupation of the lower plateau
corresponds exactly to the occupation for a % =v=1/2
Laughlin state of bosons. We observe a symmetry of occu-
pation around p = 0, cf. Fig. 1. This can be understood by
relating the Hamiltonian from Eq. (1) for a particular choice of
flux and chemical potential H (¢, 1) to the same Hamiltonian
with reversed sign for the chemical potential H (¢, — ) using
a particle-hole transformation

Opn = [ [(a] +a) 3)

L

as well as time reversal ®. Applying these transformations
results in

OOpmH (¢, 1)0p®" = H(¢, —p1) — N, “)

with N the number of sites in the system. This also relates
the eigenstates of H(¢, ) and H (¢, —uu) and hence can be
used to understand the precise nature of the plateau at the
high filling of Fig. 1 as a Laughlin state of holes at hole-filling
b= % = 1/2, with (A,) = 1 — (7). We note further that
the incompressible plateaus in Fig. 1 make up more than 20%
of the parameter space between the empty and filled states. We
attribute the fact that these plateaus make up such a sizable
fraction to the flatness of the lower and upper bands of the
Hamiltonian at ¢ = 77 /2.
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FIG. 2. (a) The orange dots show the low-lying part off the en-
tanglement spectrum of a state on the incompressible plateau at low
filling in Fig. 1. We clearly find a chiral entanglement spectrum indi-
cating that this is a fractional quantum Hall state. The blue dots show
the low-lying part off the entanglement spectrum of a state on the
incompressible plateau at high filling with reversed chirality. (b) The
low-lying part of the entanglement spectrum is shown for three
values of the approximation parameter ¢, illustrating that we can
systematically increase the chirality of the entanglement spectrum.
In our case, we have ¢ = x2. (c) Lowest branch of the entanglement
spectrum on a ten-site cylinder. The counting associated with the
chiral boson on the edge of the Laughlin state is observed.

We now characterize the properties of the states at the
v = 1/2 filling to verify that this is indeed a chiral Laughlin
state. We do so by first inspecting the entanglement spec-
trum, which should correspond to the gapless spectrum of
the chiral edge modes, by following Li and Haldane [45].
The entanglement spectrum is defined as the spectrum of the
entanglement Hamiltonian Hey, that, in turn, can be identified
from the reduced density matrix p; of a bipartition of the
system p; = e e 'We can access the entanglement spectrum
for our system by utilizing the bulk-boundary correspondence
for PEPS [59] and do so directly in the thermodynamic limit
[46] as well as on a cylinder of finite circumference. A more
detailed description of the methods used for the computation
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FIG. 3. Correlation function of the plateau state at low filling,
cf. Fig. 1. At short distances, the correlations decay exponentially
with distance, consistent with a bulk gap of the state. We extract a
correlation length of £ /¢5 = 1.19 which is consistent with previous
results [34]. At long distances, we find a small artificial tail of in the
correlation functions that is due to the fact that we represent a chiral
topological gapped state with PEPS.

and details on the approximations made can be found in the
Supplemental Material [47].

In Fig. 2(a), we can see that we find an almost perfectly
chiral entanglement spectrum for the states on the incom-
pressible plateau at the v = 1/2 filling, confirming the chiral
nature of the edge modes of the states on the incompressible
plateaus in Fig. 1. The presence of the branch at negative
momenta is due to the eigenvalues of the reduced density
matrix with different particle numbers [60,61]. For the the
states on the incompressible plateau at high filling, which
we expect to be a Laughlin state of holes, we find that they
have a chiral entanglement spectrum with reversed chirality,
see Fig. 2(a), as expected for holes. The fact that the entangle-
ment spectra shown here are not perfectly chiral at momentum
zero stems from the numerical approximations made, but the
chirality can systematically be improved by increasing the
approximation parameter ¥ as illustrated in Fig. 2(b). This
parameter corresponds to the bond dimension of the boundary
Hamiltonian from the PEPS bulk-boundary correspondence,
cf. Supplemental Material [47] for more information. We also
perform the entanglement spectrum on a finite cylinder of
circumference 10. This discretizes the edge spectrum and
allows us to identify the degeneracy of the lowest energy edge
excitations, cf. Fig. 2(c). These degeneracies (1, 1, 2, 3, 5,...)
are the ones expected for chiral boson modes, the edge mode
of the Laughlin state.

Additionally, we also calculate bulk correlation functions
for the incompressible states at v = 1/2. As shown in Fig. 3,
we find an exponential decay of correlations at short distances,
consistent with the bulk gap of the Laughlin states, with a
correlation length of £/€z = 1.19 in units of the magnetic
length £3 = 1/./¢. This is compatible with the result obtained
with tree tensor networks for finite systems at lower flux
[34]. Furthermore, we observe a finite tail in the correlation
function at long distances. This tail is a numerical artifact
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FIG. 4. Soft-core boson occupation per site for % = 50 and flux
¢ = m /3. We see that an additional incompressible plateau at v = 2.
The plateau at v = 2 corresponds to bosonic integer quantum Hall
states.

and can be identified as consequence of the fact that we are
representing a gapped chiral state with PEPS: it has been
observed as well in the context of related spin systems [15].
Increasing the environment bond dimension xg, for a fixed
value of xp changes the details of the artificial long-range tail,
while leaving the short-range exponentially decaying correla-
tions invariant. We analyze the behavior of the long-range tails
in more detail in the Supplemental Material [47].

To show that we are not limited to hard-core bosons, we
relax the U — oo condition and move to large but finite
interactions U/t = 50. In our calculations, we allow up to two
bosons per site in this case, given that even higher fillings
are energetically strongly suppressed. In this situation, we
observe, for a magnetic flux of ¢ = /2, a similar average
occupation per site as in the case of hardcore bosons, with
a slightly higher occupation at a given p stemming from the
fact that states including two bosons on a single site are now
possible. We again find incompressible plateaus at v = 1/2 as
well as at its hole analog, cf. Supplemental Material [47]. If
we instead reduce the magnetic flux to ¢ = 7 /3, we addition-
ally find a plateau at filling factor v = 2, as shown in Fig. 4.
This plateau is expected to be associated with exotic states
that belong to the Jain sequence obtained in the composite
fermion picture [62]. The v = 2 state from this sequence is a
bosonic integer quantum Hall state, which is not intrinsically
topological but rather a symmetry protected topological state
[25,26,63-65].

Conclustion and outlook. In this Letter, we demonstrated
that the variational iPEPS framework allows for the investi-
gation of Hamiltonians of mobile, interacting particles with
semiclassical gauge fields that host chiral topological states
as ground states, such as fractional Hall states and Chern
insulators. The iPEPS method is a crucial complement to
other well-established methods for this task (such as exact
diagonalization or other tensor network ansatzes) as it avoids
finite-size effects that can alter the correct phase diagram.
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Further, as it can give genuine information about the bulk
physics, it can be used to benchmark whether finite-size exper-
iments are actually displaying bulk behavior or are dominated
by their boundary. The class of Hamiltonians describing mo-
bile, interacting particles in a semiclassical gauge field, of
which we have treated a paradigmatic example in this Letter,
comes up in the description of several physical systems that
have attracted enormous amounts of interest in recent years
[8,12,66—69]. Furthermore, key characteristics, such as the
importance of flat bands which aid the emergence of in-
teresting correlated phases, are often shared among these
different systems. In the bosonic Harper-Hofstadter model,
the (relatively) flat bands of the Hamiltonian can be un-
derstood as leading to the prominence of interaction-driven
physics and hence to fractional Hall states [6]. Correspond-
ingly, in twisted bilayers systems the isolated moiré flat
bands are the reason for many candidate ground states such
as spin-liquid states, quantum anomalous Hall insulators,
and chiral d-wave superconductors [70]. An important illus-
trative example is twisted WSe,, which can be described
by a moiré Hubbard model [71,72], in which the hopping
on the triangular lattice is enhanced by a spin-dependent
phase, tunable in experiments. Given the similarity of this
Hamiltonian to the one studied in this Letter, this puts the
investigation of the physics of twisted bilayer systems well
within reach of the variational iPEPS framework, promis-
ing an unbiased numerical perspective on the physics of

these systems. Furthermore, recent advances drastically im-
proved the ability to calculate excitation spectra and structure
factors in the variational iPEPS framework [73-75]. This
allows direct connection to experimental results [76] and
thus should clearly establish the variational iPEPS frame-
work as a major tool of investigation in the above-mentioned
systems.

Data corresponding to the numerical calculations in this
work can be found in a Zenodo entry [77].
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